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Eta invariants as sliceness obstructions and 
their relation to Casson-Gordon invariants 

Stefan Friedl 

Abstract We give a useful classification of the metabelian unitary repre- 
sentations of tt 1 (Mx) , where Mjc is the result of zero-surgery along a knot 
K C S 3 . We show that certain eta invariants associated to metabelian 
representations ni(Mx) — > U(k) vanish for slice knots and that even more 
eta invariants vanish for ribbon knots and doubly slice knots. We show that 
our vanishing results contain the Casson-Gordon sliceness obstruction. In 
many cases eta invariants can be easily computed for satellite knots. We use 
this to study the relation between the eta invariant sliceness obstruction, 
the eta- invariant ribbonncss obstruction, and the L 2 -eta invariant sliceness 
obstruction recently introduced by Cochran, Orr and Teichner. In partic- 
ular we give an example of a knot which has zero eta invariant and zero 
metabelian L 2 -eta invariant sliceness obstruction but which is not ribbon. 

AMS Classification 57M25, 57M27; 57Q45, 57Q60 

Keywords Knot concordance, Casson-Gordon invariants, Eta invariant 

1 Introduction 

1.1 A quick trip through knot concordance theory 

A knot K C S n+2 is a smooth oriented submanifold homeomorphic to S n . A 
knot K is called slice if it bounds a smooth (n + l)-disk in D n+3 . Isotopy 
classes of knots form a semigroup under connected sum. The quotient of this 
semigroup by the subsemigroup of slice knots turns out to be a group, called 
the knot concordance group. For example, the existence of inverses follows by 
noting that the connected sum of K and —rK bounds a disk, where —rK 
denotes the knot obtained by reflecting K through a disjoint hypersphere and 
reversing the orientation. It is a natural goal to attempt to understand this 
group and to find complete invariants for detecting when a knot is slice. 

Knot concordance in the high-dimensional case is well understood. For even n 
Kervaire |Ker65j showed that every knot K C S n+2 is slice, and for odd n > 3 
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Levine |Lev69j showed that K C S n+2 is slice if and only if K is algebraically 
slice (cf . section 12.21 for a definition) . In this way, the task of detecting slice 
knots in higher dimensions was reduced to an algebraic problem which is well- 
understood |Lev6 9b . 

The classical case n = 1 turns out to be a much more difficult problem. Casson 
and Gordon |CG78| . |CG 86 defined certain sliceness obstructions (cf. section 
15.1(1 and used these to give examples of knots in S 3 which are algebraically slice 
but not geometrically slice. 

Letsche |LetOf)| introduced two new approaches to finding obstructions to the 
sliceness of a knot. One approach used the concept of a universal group to 
find representations that extend over the complement of a slice disk, the other 
used eta invariants of metabelian representations of knot complements to give 
sliceness obstructions. The idea of universal groups was taken much further in 
a ground breaking paper by Cochran, Orr and Teichner |(X)T03j (cf. section 
EJ). The goal of this paper is to build on Letsche's second approach. 

1.2 Summary of results 

Given a closed smooth three-manifold M and given a unitary representation 
a: 7ri(M) -> U(k) Atiyah-Patodi-Singer |APS75j defined r](M,a) G R, called 
the eta invariant of (M, a). This invariant is closely related to signatures, 
and therefore well-suited for studying cobordism problems. For a knot K we 
study the eta invariants associated to the closed manifold Mr, the result of 
zero-framed surgery along K C S 3 . 

In proposition 14.11 we give a complete classification of irreducible, unitary, 
metabelian (cf. section representations of ir\(Mj(). In theorem 14.51 we show 
that for a slice knot the eta invariant vanishes for certain irreducible metabelian 
representations of prime power dimensions. 

In section l5~Tl we recall the Casson-Gordon sliceness obstruction theorem. We 
show in theorem 15.51 that for a given knot K the Casson-Gordon sliceness ob- 
struction vanishes if and only if K satisfies the vanishing conclusion of theorem 
H31 

Despite this equivalence of obstructions the eta invariant approach has several 
advantages over the Casson-Gordon approach. For example we show in theorem 
14.71 that eta invariants vanish for tensor products of certain irreducible prime 
power dimensional representations. This gives sliceness obstructions, which are 
potentially stronger than the Casson-Gordon obstruction. 
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Recently Cochran, Orr and Teichner |COT03| . |COT04| denned the notion 
of (n) -solvability for a knot, n G |N, which has in particular the following 
properties. 

(1) Slice knots are (n) -solvable for all n. 

(2) (n) -solvable knots are (m) -solvable for all m <n. 

(3) A knot is (0.5) -solvable if and only if it is algebraically slice. 

(4) (1.5) -solvable knots have zero Casson-Gordon obstruction. 

Given a homomorphism ip: iri(M) —* G to a group G, Cheeger and Gro- 
mov defined the L 2 -eta invariant r/ 2 )(M, </?) £ R which is closely related to 
Atiyah's L 2 -signature. Cochran, Orr and Teichner used L 2 -eta invariants to 
find examples of knots which are (2.0) -solvable, which in particular have zero 
Casson-Gordon obstructions, but which are not (2.5)-solvable. Using similar 
ideas Taehee Kim |Kim02j found examples of knots which are (1.0) -solvable 
and have zero Casson-Gordon obstructions, but which are not (1.5) -solvable. 
A quick summary of this theory is given in section El 

In section |7| we give examples that show that L 2 -eta invariants are not com- 
plete (non-torsion) invariants for a knot to be (0.5) -solvable respectively (1.5)- 
solvable. In our examples we use a satellite construction to get knots whose 
eta invariants can be computed explicitly by methods introduced by Litherland 
[Llt84| . 

The systematic study of eta invariants corresponding to metabelian represen- 
tations also allows us to find more refined obstructions to a knot being ribbon 
(theorem 18.3(1 . It is not known whether all slice knots satisfy the ribbon ob- 
struction theorem. The fact that the ribbon obstruction is apparently stronger 
than the corresponding sliceness obstruction is particularly interesting as this 
could potentially provide a way to disprove the ribbon conjecture (that every 
slice knot is ribbon). In proposition 18.91 we give examples of knots for which 
all abelian and metabelian sliceness obstructions vanish, but which do not sat- 
isfy the condition for theorem I8.3( i.e. which are not ribbon. It is not known 
whether these examples are slice or not. 

We also apply our methods to the study of doubly slice knots (theorem 18. 4 1) . 
It is a well-known fact that the doubly sliceness condition is much stronger 
than the sliceness condition (cf. |S71| . |Kim03j . |Kim04j ) . We point out the 
interesting fact that doubly slice knots satisfy the ribbon obstruction theorem, 
which suggests that doubly slice knots have a 'higher chance' of being ribbon 
than ordinary slice knots. 
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We conclude this paper with a discussion of Gilmer's {Gi83j |Gi93j and Letsche's 
|LetOO| obstruction theorems in sections 18.31 and 18.41 During our work on eta 
invariants as sliceness obstructions we found that both theorems have gaps in 
their proofs. We explain where the problem lies and we show that Gilmer's and 
Letsche's approach still give ribbonness obstruction. These ribbon obstructions 
can be shown to be contained in theorem 18.31 

This paper is essentially the author's thesis. I would like to express my deepest 
gratitude towards my advisor Jerry Levine for his patience, help and encour- 
agement. 

2 Basic knot theory and linking pairings 

Throughout this paper we will always work in the smooth category. In the 
classical dimension the theory of knots in the smooth category is equivalent to 
the theory in the locally flat category. All homology groups are furthermore 
taken over Z, unless otherwise indicated. 

2.1 Basic knot theory 

By a knot K we understand an oriented submanifold of S ?J diffeomorphic to 
S 1 . A oriented surface F C S 3 with d(F) = K will be called a Seifert surface 
for K . Note that a Seifert surface inherits an orientation from K , in particular 
the map H\(F) — > H\(S 3 \ F),a i— > a + induced by pushing into the positive 
normal direction is well-defined. The pairing 

Hi(F) x Hi(F) -» Z 

(a, 6) i — > lk(a, 6+) 

is called the Seifert pairing of F . Any matrix A representing such a pairing is 
called a Seifert matrix for K. By |Mu65[ p. 393], |Lev7flj two Seifert matrices 
for a given knot K are S-equivalent. In particular the Alexander polynomial 
A K (t) := det(At - A f ) G Z[t, t' 1 ] is a well-defined invariant of K , i.e. indepen- 
dent of the choice of A, up to multiplication by units ±t l . 

Let N(K) be a solid torus neighborhood of K . A meridian \x of K is a non- 
separating simple closed curve in d(N(K)) that bounds a disc in N(K). The 
notion of meridian is well-defined up to homotopy in S S \K . Alexander duality 
shows that there exists an isomorphism e: Hi(S 3 \K) — ► Z such that e(/x) = 1. 
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We will mostly study invariants of Mr- , the result of zero-framed-surgery along 
K . This manifold has the advantage over S 3 ' \ K that it is a closed manifold 

associated to K . Note that we have isomorphisms Hi(Mk) *— H\(S 3 \K) —> Z, 
we will denote this composition of maps by e as well. 



2.2 Slice knots 

We begin with a few definitions. We say that two knots K\,Ki are smoothly 
concordant if there exists a smooth submanifold V C S 3 x [0, 1] such that 
V = S 1 x [0, 1] and such that d(V) = K x U -K x x 1. A knot K C S 3 is 
called smoothly slice if it is concordant to the unknot. Equivalently, a knot is 
smoothly slice if there exists a smooth disk D C D 4 such that d(D) = K . 

A knot K is called topologically slice if if bounds a locally flat disk D C .D 4 . 
Locally flat means that one can find an embedding D x D 2 C D 4 which extends 
the embedding of the disk. 

We say that the Seifert pairing on H\(F) is metabolic if there exists a subspace 
H of half-rank such that the Seifert pairing vanishes on H . This is the case if 
and only if K has a metabolic Seifert matrix A, i.e. if A is of the form 

A ={C D 

where 0, B, C, D are square matrices. If the Seifert pairing of a knot is metabolic 
then we say that K is algebraically slice. 

By Levine |Lev69j we now get the following implications 

smoothly slice => topologically slice => algebraically slice. 

The reverse implications do not hold. Casson and Gordon [C(t86| gave exam- 
ples of algebraically slice knots which are not topologically slice. Freedman 
FQ90 showed that any knot with trivial Alexander polynomial is topologically 
slice, whereas Gompf Gom86 gave examples of knots with trivial Alexander 
polynomial that are not smoothly slice. 

In the following we will work in the smooth category. In particular by slice we 
will mean smoothly slice. 



For a slice disk D we define Njj := D 4 \N(D), where N(D) is a tubular 
neighborhood of D in D 4 . We summarize a couple of well-known facts about 
N D . 

(1) d(N D ) = M K , 
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(2) H*(N D ) = H*(S l ), 

(3) the inclusion map H\(Mk) —> H\{Nd) is an isomorphism. 

We will denote the induced map Hi{N D ) <=■ Hi(M K ) A Z by e as well. 

2.3 Universal abelian cover of M K and the Blanchfield pairing 

Let K be a knot. Denote the infinite cyclic cover of Mr corresponding to 
e: Hi{M K ) -> Z by Mr-. Then Z = (t) acts on Mr-, therefore Hi(M K ) 
carries a A := Z[t, -module structure. Clearly H\{Mk) and the twisted 
homology module H\{Mk,K) are canonically isomorphic as A-modules. 

In the following we will give A the involution induced by i = i -1 . Let S := 
{/ G A|/(l) = 1}. The A-module Hi(Mk,A) is S'-torsion since for example 
the Alexander polynomial Ajc(t) lies in S and Ax(t) annihilates Hi(Mk, A). 
Blanchfield _B57 a introduced the pairing 

X Bl : H^Mk.K) xH^MjcA) -> 5- x A/A 

where c G C2(Mr",A) such that d(c) = p(t)b for some p(t) G 5. It is 
well-defined, non-singular and hermitian over A. For any A-submodule P C 
Hi(M K ,A) define 

P ± := {v G Hx(M K ,A)\X B i(v,w) = for all w G P}. 

If P C Pi(M, A) is such that P = P x then we say that P is a metabolizer for 
A#£. If Xbi has a metabolizer we say that Xbi is metabolic. 

For a Z-module ^4 denote by TA the Z-torsion submodule of A and let FA := 
A/TA. 

Theorem 2.1 : KeaTol jLetOOl prop. 2.8]) 

(1) If K is slice and D any slice disk, then 

P := Ker{Hi(Mx,A) FHi(Nn,A)} 
is a metabolizer for the Blanchfield pairing. 

(2) The Blanchfield pairing for a knot K is metabolic if and only if K is 
algebraically slice. 

It is an open problem whether every slice knot K admits a slice disk D such 
that the submodule Ker{PTi(MR, A) — > H\(Nd,A)} is a metabolizer for the 
Blanchfield pairing. This is an important question since it is closely linked to 
the ribbon conjecture (cf. IH.ljl . 
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2.4 Finite cyclic covers and linking pairings 

Let K be a knot, k some number. Denote by M k the fc-fold cover of Mk 
corresponding to tvi(Mk) —> Z — * Z/fc, and denote by L k the /c-fold cover 
of S 3 branched along K C S 3 . Note that H\(L k ) and H\(M k ) also have 
A-module structures. 



Lemma 2.2 

(1) 



rjA K (e 2 ^'/fc) 

i=i 



where on the right hand side means that H\(L k ) is infinite. 

(2) There exist natural isomorphisms 

H\{L k ) = H x (M K ,K)l(j*-l), 
Hi(M k ) = H 1 {L k )®Z = H 1 (M K ,A)/{t k -1)(BZ. 



Proof The hrst part is shown in |Gor77| p. 17]. For the second part consider 
the long exact sequence 



Hi(M 



t k -i 



K 



It follows immediately that Hx(M k ) = Hx(M K ,A)/(t k - 1) 
isomorphism is clear. 



The other 
□ 



Now let k be any integer such that H\(L k ) is hnite, then the map 

^L,k = ^L- H\{L k ) x Hi(L k ) Q/Z 

(a, b) i— > \ a ' c mod Z, 

where c € C2{L k ) such that 3(c) = n&, defines a symmetric, non-singular 
pairing which is called the linking pairing of Hi(L k ) = TH\(M k ). For any 
Z-submodule P k C TH\{M k ) define 

Pt := {v £ THi(M k )\\ L (y,w) = for all w G P k }. 

If P k is a A-submodule with P k = P^ then we say that P k is a metabolizer 
for the linking pairing Xl- If Al has a metabolizer then we say that Al is 
metabolic. Note that if P k is a metabolizer for the linking pairing, then |.Pfc| 2 = 
\Hi(L k )\. 
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2.5 Homology of prime-power covers and the linking pairing 

The following corollary shows that prime power covers of manifolds behave in 
a more 'controlled' way. 

Lemma 2.3 Let Y be a manifold such that H*(Y) = H*^ 1 ) and let k = p s 
where p is a prime number. Write Y k for the k-fold cover of Y corresponding 
to H X {Y) = H^S 1 ) = Z -» Z/k. Then H*(Y k ) = H*(Y) torsion. 

The following proof is modelled after |C~G86, p. 184]. 

Proof For any n 6 N U {oo} we can give H*(Y n ) a A-structure. Since 
H2(Y,Z/p) = we get the following exact sequence 

-> H^Y^Z/p) ^ H^Y^Z/p) H x (Y,Z/p) -> H^Y^Z/p) 0. 

Since H x (Y,Z/p) — > Hq(Y oq ,Z/p) is an isomorphism it follows from the se- 
quence that the map H x (Y QO ,Z/p) — -» H^Yoo^/p) is an isomorphism. Since 

Hi(Y) = for 2 > 1 we also get that Hi(Y 00 ,Z/p) — -> Hi(Y oa ,'L/p) is an 
isomorphism for i > 1. Over Z/p we get — 1) = (i p — 1) = (i — l) p , 
hence multiplication by (t k — 1) is an automorphism of H x (Y 00 ,Z/p) as well. 
Consider the long exact sequence 

► HiiY^Z/p) H^Y^Z/p) -» H x (Y k ,Z/p) -> H^Y^Z/p) -> 0. 

It follows that H x (Y k ,Z/p) = Hq(Y od ,Z/p) = Z/p. Similarly we can show 
that Hi(Y k ,Z/p) = for i > 1. The lemma now follows from the universal 
coefficient theorem. □ 

Corollary 2.4 Let k be a prime power. 

H x (M k ) = Z®TH x (M k ). 
{) TH x {M k ) = H 1 (L k )=H x (M K ,A)/(t k -l). 

(2) Let D be a slice disk, denote the k-fold cover of Nd by N k , then 
H x (N k ) = Z®TH x {N k ) = Z®H x (N,A)/(t k - 1). 

(3) Q k := Ker{TH x (M k ) -> TH x (N k )} is a metabolizer for X L . 

The first two statements are immediate corollaries. The third statement is well- 
known (cf. |Cor77j or |Fr03d| ). It is important though that A: is a prime power, 
since it is crucial in the proof that H x (N k ) = Z® TH x (N k ) . 
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Remark Let K be a slice knot, D a slice disk. Then P := Ker{Hi(Mx, A) 
— > FHi(Nd, A)} is a metabolizer for the Blanchfield pairing and Qk := 
Kev{THi(Mk) — > TH\(Nk)} is a metabolizer for A^fc. Furthermore Pfc := 
7r(P) C Hi(Mk, A)/(i fc — 1) can be shown to be a metabolizer for \Lk- It is an 
open problem whether = Q^. If yes, then this would show that all the me- 
tabolizers Qk can be lifted to a metabolizer for the Blanchfield pairing, which 
would resolve the problems which appeared in |Gi93j and jLetOOj (cf. sections 
EH and EH). 

3 Introduction to eta-invariants and first application 
to knots 

3.1 Eta invariants 

Let C be a complex, hermitian matrix, i.e. C = & , then the signature sign(C) 
is defined as the number of positive eigenvalues of C minus the number of 
negative eigenvalues. The following is an easy exercise. 

Lemma 3.1 If C is hermitian then sign(PC P l ) = sign(C) for any P with 
det(P) 7^ 0. If furthermore det(C) ^ and C is of the form 



where B is a square matrix, then sign(C) = 0. 

Let M 3 be a closed manifold and a: -k\(M) — > U(k) a representation. Atiyah, 
Patodi, Singer APS7| associated to (M, a) a number n(M, a) called the (re- 
duced) eta invariant of (M, a) . 

The main theorem to compute the eta invariant is the following. 

Theorem 3.2 (Atiyah-Patodi-Singer index theorem |APS75j ) If there exists 
a manifold W A and a representation (3: iri(W) — > U(k)) such that d(W, (3) = 
r(M 3 , a) for some r € N, then 




r)(M,a) = -{sign p {W) -ksign{W)), 
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3.2 Application of eta invariants to knots 

For a knot K we will study the eta invariants associated to the closed manifold 
Mk ■ In the context of knot theory they were studied by Levine |Lev94j who 
used them to find links which are not concordant to boundary links. Letsche 
|LetOO| used eta invariants to study knot concordance in dimension three. 

Definition For a group G the derived series is defined by := G and 

inductively G^ := [G^,G^] for i > 0. 

The inclusion map S 3 \ K — » Mk defines a homomorphism vri(5 3 \ K) — > 
tti(Mk), the kernel is generated by the longitude of K which lies in 7Ti(S 3 \ 
K)W. In particular tti(5 3 \ K)/ni(S 3 \ K)^ -» iri(M K ) /tti{M k ) (2) is an 
isomorphism. 

Let Mo be the zero-framed surgery on the trivial knot. Then Mo = S 1 x S 2 
which bounds S 1 x D 3 , which is homotopic to a 1-complex. This proves that 
the unknot has vanishing eta invariant for any unitary representation since any 
representation of Mo extends over 5 1 x D 3 . 

3.3 U(l) -representations 

Let K be a knot, A a Seifert matrix, then we define the signature function 
a(K): S 1 -> Z of K as follows (cf. |Lev69l p. 242]) 

a z (K) := signal - z) + A*(l - z)). 

It is easy to see that this is independent of the choice of A. 

Proposition 3.3 Let K be a knot, /i a meridian and let a: iti(Mk) — > U(l) 
be a representation. 

(1) Let z := a(/i), then 

r]{M K ,a) =a z (K). 

(2) The function z i— > a z (K) is locally constant outside of the zero set of 
A K {t). 

(3) If IT is algebraically slice and z £ S 1 such that Ak{z) ^ 0, then a z (K) = 
0. In particular if z is a prime power root of unity, then a z (K) = 0. 

(4) Given z a prime power root of unity, K i— > cr z (K) defines a homomor- 
phism from the knot concordance group to Z . 
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Proof (1) See [Llt84| . 

(2) The function z h- > a z (K) is continuous on 

{z G S' 1 |A(1 - z) + A*(l - z) is non-singular}, 
an easy argument shows that this set equals 

{1} U{z£ ^lAjf (z) = det(As - A*) ^ 0}. 
Levine |Lev69j showed that the signature function is continuous at z = 1 . 

(3) If z G S 1 such that Ajf(z) + then A(l - z) + A*(l - z) is non-singular 
and the first part follows from lemma l3~Tl The second part follows from 
A_ft-(1) = 1 and the well-known fact that <J> p r-(l) = p for a prime p, 
where & p r (t) denotes the minimal polynomial of a primitive root of unity 
of order p r . 

(4) Follows immediately from (3) and the additivity of the twisted signature 
function. □ 

Let K be a knot, m G N, then we can form mK by iterated connected sum. 
We say K is (algebraically) torsion if mK is (algebraically) slice for some m. 
It follows from proposition l3.3l (4) that cr z {K) = for any algebraically torsion 
knot K and z a prime power root of unity. 

Levine |Lev69j showed that for n > 1 a knot K C S 2n+1 is slice if and only if 
K is algebraically slice. Levine [Lev69b and Matumuto |Ma77j showed that K 
is algebraically torsion if and only if r](Mx,ct) = for all a: it\{Mk) U(l) 
of prime power order. In particular, in the case n > 1 the [/(l)-eta invariant 
detects any non-torsion knot. 

In the classical case n = 1 Casson and Gordon CG86 found an example of a 
non-slice knot which is algebraically slice. Jian |J81j showed using the Casson- 
Gordon invariant that there are knots which are algebraically slice and which 
are not torsion in the knot concordance group. 

The goal of this paper is to study to which degree certain non-abelian eta 
invariants can detect algebraically slice knots which are not topologically slice. 

4 Metabelian eta invariants and the main sliceness 
obstruction theorem 

A group G is called metabelian if = {e} , a representation 92: 7Ti(M) — > 
U(k) is called metabelian if it factors through tti(M)/tti(M)^ . Metabelian eta 
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invariants in the context of knot concordance were studied by Letsche |LetOO| . 
Our approach is influenced by his work. 

For a knot K let tt := tti(Mk), then consider 

1 _ vrW/v^) _> nfrW _ 7r / 7r ( 1 ) _> 1. 

Note that 7Ti(AfK-) = tti(Mk)^ where Mk denotes the infinite cyclic cover of 
M K , hence Hx{M K ,A) = H X (M K ) 9* ^(M^W/vr^M^ 2 ) . Since tt/ttW = 
H\(Mk) = Z the above sequence splits and we get isomorphisms 

7r/vr (2) =S 7r/vr (1) x vr (1) /vr (2) = Z x Hi(M K ,A), 

where n E Z acts by multiplication by t ra . This shows that metabelian repre- 
sentations of tti(Mk) correspond to representations of Z x H\{Mk,A). 



4.1 Metabelian representations of ixi(M K ) 



For a group G denote by R % £ r {G) (resp. R l £ r,met (G)) the set of conjugacy 
classes of irreducible, fc-dimensional, unitary (metabelian) representations of 
G. Note that the eta invariant of a manifold only depends on the conjugacy 
class of a unitary representation. Recall that for a knot K we can identify 

Rl r ' met {K X {M K )) = RT(7L x ill (Mr-, A)). 

The following proposition gives a very useful classification of all irreducible 
metabelian unitary representations of tti(Mk) (cf. Let95 for a different ap- 
proach). 



Proposition 4.1 Let H be a A-module. Let z G S 1 and x : H — > H/(t k 
1) — > S" 1 a character, then 



a 



(*>x) : 



X il 



(n,/i) 



I7(fc) 

/0 ... l\ n / X (fc) 
X (t/») 







1 0/ 



V 



o \ 



x(t k - l h)J 



defines a representation. If x does not factor through H/(t l — 1) for some I < k, 
then oi(2 )X ) is irreducible. 

Conversely, any [a] £ R l ^ T (7L x 77) has a representative a< z x \ with z,x as 



above. 
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Proof It is easy to check that a.< z , x ) ls well-defined. Now let [a] G i?^ rr (Z x H) . 
Denote by Xii ■ ■ ■ iXl'- H — > S* 1 the different weights of a: x H — > U(k). 
Since H is an abelian group we can write C k = ®\ =L V Xi where V Xi := {v G 
C fc |a(0, h)(v) = Xi(h)v for all h} is the weight space corresponding to Xi- 

Recall that the group structure of Z x is given by 

(n, /i)(m, fe) = (n + m, t m h + fc). 

In particular for all v G H 

(j,0)(0,t j h) = (j,Vh) = (0,h)(j,0), 

therefore for A := a(l, 0) we get 

A j a(0,t j h) = a(j,0)a(0,t j h) = a(j,t j h) = a(0,h)a(j,0) = a(0,h)A j . 

This shows that a(0,Vh) = A~^a(0,h)A^ . Now let v G V xW , then 

a(0,/i)At> = Aa(0, th)A~ x Av = Aa(0,th)v = Ax{th)v = x(th)Av, 

i.e. a(l, 0) : V Xi (h) ~^ V x Ath) ■ Since a is irreducible it follows that, after reorder- 
ing, Xi( v ) = Xi(t lv ) f° r an i = 1, Note that A? induces isomorphisms 
between the weight spaces V Xi and that A 1 : V X1 — > is a unitary transfor- 
mation. In particular it has an eigenvector u, hence Ct> © CMt> © . . . CA l ~ 1 v 
spans an a-invariant subspace. Since a is irreducible it follows that I = k and 
that each V Xi is one-dimensional. 

Since a is a unitary representation we can find a unitary matrix P such that 
PCei = Vi, in particular, a\ := P~ 1 aP has the following properties. 

(1) a(0 x ff) = dtog(x(h), X (th), x{t k ~ l h)) , 

(2) for some z±, . . . , Z)~ G S 1 



a(l,0) := 



/o 












Zfc-i / 



Here we denote by diag(&i, . . . ,bk) the diagonal matrix with entries b±, . . . ,bk- 



Let z := Ilf=i z i an( i ^ e t Q := diag(di, . . . , dk) where di := ^ J ' ' 
ot2 '■= Q~ l o>iQ has the required properties. 



— . Then 
□ 
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4.2 Eta invariants as concordance invariants 

We quote some definitions, initially introduced by Levine |Lev94j . Let G be 
a group, then a G-manifold is a pair (M, a) where M is a compact oriented 
manifold and a is a homomorphism a: 7Ti(M) — ► G defined up to inner auto- 
morphism. 

We call two G-manifolds (Mj, cxj),j = 1,2, homology G-bordant if there exists 
a G-manifold (iV,/3: vri(iV) G) such that 8(JV) = MiU-M 2 , -H*(iV, M,-) = 
for j = 1, 2 and, up to inner automorphisms of G, (3\TTi(Mj) = aj . 

We will compare eta invariants for homology G-bordant G-manifolds. 

Definition For a A-torsion module H define P^ rr (Z x H) to be the set of con- 
jugacy classes of representations which are conjugate to a( 2jX ) with z G S 1 tran- 
scendental and x : H/(t k — 1) — ► S 1 factoring through a group of prime power 
order. If W is a manifold with H\{W) = Z then we define P^ met {^i{W)) := 
Pl rr (Z x ffi(W,A)). 

We need the following theorem, which is a slight reformulation of a theorem by 
Letsche (LetODj which in turn is based on work by Levine |Lev94j . 

Theorem 4.2 Let H be a A-torsion module, G :=Z\xH. If (Mi,ai),(M 2 ,oi2) 
are homology G-bordant 3-manifolds and if G P^ r {G) , then n{M\ , o ol\) = 
rj(M 2 ,6oa2). 

Proof Write Vk(^i(M)) for the set of unitary representations a: 7Ti(M) — > 
with the following two properties (cf. |Let00l p. 311]) 

(1) a factors through a non-abelian group of the form Z >< P, P a finite 
p -group and Z >< P — > Z induces an isomorphism on first homology, 

(2) there exists g G 7Ti(M) that generates 7Tx(M) such that all eigenvalues of 
a{g) are transcendental. 

Letsche jLetOOl prop. 1.7, cor. 3.10, thm. 3.11] showed that the statement holds 
for all 9 G Vk{G). Clearly if a G 'Pfc(G), then all its conjugates lie in Vk{G) as 
well. 

It therefore suffices to show that a( z , x ) G ^(Z tx H) if [a( z , x )] G P^ rr (Z x ii"). 
Let [a( 2jX )] G P^ rr (Z X P), i.e. z £ S 1 transcendental and x : H/(t k - 1) — > 
Z/m — > S* 1 where m is a prime power. Then the result follows immediately 
from the observations that 
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(1) all the eigenvalues of a.( z ^(l, 0) are of the form ze 2m ^ k , in particular 
all are transcendental, 

(2) a^ jX) : Z x # -> j7(fc) factors through Z x (Z/m) fe and (Z/m) fc is a group 
of prime power order, where Z acts on (Z/m) fc by cyclic permutation, 
i.e. by 1 • (yi, ...,v k ):= (v k ,vi, . . . ,v k -i), 

(3) Hi(Z x (Z/m) fc ) -» fTi(Z) is an isomorphism. □ 

Let -ff be a slice knot with slice disk D and let oci z>x \ S R k rr,met (it^Mk)) ■ 
Consider the following diagram 

iri(M K ) -» Z x H X (M K ,K) -> Z x Fi(M x ,A)/(t fc - 1) f7(Jfe) 

J, J, J, J, 

?ri(JVb) -» Z«Hi(JVd,A) Z >< Hi(N D ,k)/(t k - 1) I7(fc) 

If x vanishes on Ker{#i(M x , A)/(t* - 1) -> #i(iV D , A)/(i fe - 1)} then x 
extends to xjv : Hi(Nd, A)/(i — 1) — > S 1 since S 1 is divisible. Further- 
more, if x is °f prime power order, then \N can be chosen to be of prime 
power order as well. Note that «(z, Xjv ) : tti(Nd) — ► f/(A;) is an extension of 
a (z,x) • 7r l(-^K') — v U(k). This proves the following. 

Lemma 4.3 (1) a (z,x) extends to a metabelian representation of tti(Nd) if 
and only if X vanishes on Ker{i?i(M^, A)/(t k - 1) -> JTi(JVjj, A)/(i fc - 
!)}• 

(2) If a( ZjX )€P| rr (7ri(Mi < -)) extends to a metabelian representation of tti(Nd) 
then a( 2jX ) extends to a representation in P k irr (TTi(Nr))) ■ 

Theorem 4.4 Let K he a slice knot and D a slice disk. If a extends 
to a metabelian representation of tti(Nd) and if a £ P^ T (tti(Mk)) , then 
V (M K ,a)=0. 

Proof By lemma H~3*l we can find an extension (3 6 P^ r (tti(N £>)) ■ We can 
decompose Nd as No = L>m S 1 x ^ 3 where Mo = S 1 x S 2 is the zero- 
framed surgery along the trivial knot in 5 3 and W is a homology Z-bordism 
between Mr and Mo ■ The statement now follows from theorem 14.21 and the 
fact that the unknot has zero eta invariants, since (W, id) is a homology Z x 
Hi(W, A) -bordism between (Mfc,i*) and (Mo,i*)- □ 
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4.3 Main sliceness obstruction theorem 

Theorem 4.5 Let K be a slice knot, k a prime power. Then there exists a 
metaholizer P k C TH\(M k ) for the linking pairing, such that for any represen- 
tation a: 7Ti(M K ) -> Zi<Hi(M K ,A)/(t k -1) -> U(k) vanishing on x P k and 
lying in p l ^ r ' met \tt 1 (M k )) we get n{M K ,o) = 0. 

Proof Let D be a slice disk. Let 

P k := Ker{H x {M K , A)/(t k - 1) -> H x {N D ,A)/{t k - 1)}, 

this is a metabolizer for the linking pairing by proposition 12.41 The theorem 
now follows from lemma POl and theorem 14.41 □ 

In the following we will show that some eta-invariants of slice knots van- 
ish for non-prime power dimensional irreducible representations. Let ol\ € 
Rki(G)> a 2 ^ Rk 2 (G)i then we can form the tensor product ai<8>oj2 G R klk2 (G). 

Proposition 4.6 If kx,k 2 are coprime, then 

Q! (fcl,Zl,Xl) ® a (fc2,^2,X2) = a (fclfc2,Z122,XlX2) - 

If furthermore a {kuZuXl) , a(fc 2 , 22)X2 ) are irreducible, then a(jfc 1)Z1)Xl ) ® a(fe 2 , Z2 , X2 ) 
is irreducible as well. 

Proof Denote by en, . . . , e^i and ei2, • • • , ek 2 2 the canonical bases of C fel 
and C k2 . Set ft := ei modfcli i ® e imod k 2 ,2 for i = 0, . . . , k\k 2 - 1. The /j's are 
distinct, therefore {/i}i=o,...,fcifc 2 -i form a basis for C fcl ® C fc2 . One can easily 
see that ot\ ® Q2 with respect to this basis is just ctr kl k 2iZlZ2)XlX2 ) ■ 

The last statement follows from the observation that if XiX2'- H/(t klk2 — 1) 
factors through H/(t k — 1) for some k < k%k 2 , then one of the Xi : H — > 
H/(t ki — 1) factors through H/(t k — 1) for some k < fcj. □ 

For a prime number p and a A-module -ff denote by P^i^L x if) the set 
of representations o^ ^) in i-^ rr (Z x i?) where x factors through a p-group. 
Define P™ ei WW)) := i*£(Z x R X (M K ,A)). 

Theorem 4.7 Let K be a slice knot, k\, . . . , k r pairwise coprime prime pow- 
ers, then there exist metabolizers P ki C TH\(M ki ),i = 1, ... ,r for the linking 
pairings, such that for any prime number p and any choice of irreducible rep- 
resentations a, : it\(Mk) — ► Z x H\(MK,A)/{t ki — 1) — > f7(fcj) vanishing on 
x P fc . and iying in P™ et (^(M x )) we get r?(M K , ai ® • • • ® a r ) = 0. 



Algebraic & Qeometric Topology, Volume 4 (2004) 



Eta invariants as sliceness obstructions 



909 



Proof Let D be a slice disk and let P ki := Ker{ffi(Mx, A)/(t fel - 1) -» 
Hi(Njj, A)/(t ki — 1)}. All the representations «i, . . . ,a r extend to metabelian 
representations of iVo , hence a\ <8> • • • <8> a r also extends to a metabelian repre- 
sentation of Nd . Write a = «( Zi , Xi ) , then ai ® • • • <g> = a( 2l .... ZriXl Xr ) since 

the fcj are pairwise coprime. This shows that ai<g>- ■ -®a r € Pl^'-kt p {^i{^-k)) , 
therefore t](Mk, ol\ (g) • • • ® a r ) =0 by theorem 14.41 □ 

Remark Theorem 14.41 holds in fact for locally flat slice disks, and therefore 
theorem 14.71 holds in fact for topologically slice knots. Indeed, let D be a 
topological slice disk for K, i. e. an embedding D C D 4 such that d(D) = 
K and such that D is locally flat, i.e. there exists an embedding / : D x 
D 2 —i- D 4 which extends the embedding D C D 4 . We write again Nd := 
D 4 \ f(D x D 2 ). Let a € P^ r ' met {tt\{Mk)) which extends to a representation 
(3 € fj rr ' Tne *(iri(JVb))- We can conclude that sign /3 (A^ D ) - /csign(A^) = 0. 
Since Nd is in general not a smooth manifold we can not appeal to theorem 
1^.21 to conclude that rj(MK,a) = 0. 

Now consider the Kirby-Siebenmann invariant ks(No) of Nd- By [Ra96| p. 
10] we have ks(ND) = |sign(iV£)) — ii(Mk) where ri(Mx) denotes the Rochlin 
invariant. Note that ^l(Mk) equals the Arf invariant for K , which vanishes for 
topologically slice knots. Therefore ks(ND) = 0, by TQ90J P- 125] there exists 



an r such that Nd#tS x S is smooth. Hence we get 

v{M K ,a) = sig n/3 (A^ D #r5 2 x S 2 ) - ksign(N D #rS 2 x S 2 ) 
= sign /3 (A f £) ) - /csign(N D ) = 0, 

where the second to last equality follows from Novikov signature additivity, and 
the observation that 

sign^rS 2 x S 2 ) = ksign{rS 2 x S 2 ) 
since (3 is a trivial A: -dimensional representation. 

Prop osition 14 . 61 shows that a.\ <g> ■ ■ ■ <g)a r is irreducible since gcd(fci, . . . , k r ) = 1 , 
i.e. the theorem shows that certain non-prime-power dimensional irreducible 
eta invariants vanish for slice knots. Letsche |Let00| pointed out the fact that 
non prime power dimensional representations can give sliceness (ribbonness) 
obstructions. In his thesis Fr03d the author shows that in fact Letsche's non 
prime power dimensional representations are tensor products of prime power 
dimensional representations. 

We say that a knot K has zero slice-eta-obstruction (SE-obstruction) if the 
conclusion of theorem 14.51 holds for all prime powers k , and K has zero slice- 
tensor-eta-obstruction (STE-obstruction) if the conclusion of theorem 14.71 
holds for all pairwise coprime prime powers k\, . . . , k r . 
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Question 4.8 Are there examples of knots which have zero SE-obstruction 
but non zero STE-obstruction? 

Remark It is easy to find examples of a knot K and one-dimensional represen- 
tations a,P such that t}{Mk,ol) = and t](Mk,P) = but t)(Mk, ck<8> j3) / 0. 
This shows that in general T](Mk, ol <8> P) is not determined by t}{Mk-,ol) and 
n{M K ,(3). 

Note that if THx(M k ) = 0, then ^ r ' met {-K X {M K )) = 0, therefore theorem IP 
only gives a non-trivial sliceness obstruction if THxiM^) ^ for some prime 
power k. This is not always the case, in fact Livingston proved the following 
theorem. 

Theorem 4.9 |Liv021 thm. 1.2] Let K be a knot. There exists a prime 
power k with TH\(Mk) ^ if and only if Ax(t) has a non-trivial irreducible 
factor that is not an n-cyclotomic polynomial with n divisible by three distinct 
primes. 

In section I7.4( we will use this theorem to show that there exists a knot K with 
Hi(Lk) = for all prime powers k, but H\(Lq) ^ 0. This shows that tt\(Mk) 
has irreducible U(6) -representations, but no unitary irreducible representations 
of prime power dimensions. In particular not all representations are tensor 
products of prime power dimensional representations. 

5 Casson-Gordon obstruction 

5.1 The Casson-Gordon obstruction to a knot being slice 

We first recall the definition of the Casson-Gordon obstructions (cf. CG86 ). 
For m a number denote by C m C S 1 the unique cyclic subgroup of order m . 
For a surjective character x- Hi{M k ) -> Ht(L k ) -> C m , set F x := Q(e 2ni/m ). 

Since ^(Z x C m ) = H^(Z, x C m ) is torsion (cf. |CF64| ) there exists a 4-manifold 
Vfc and maps e': 7Ti(Vfc) — > Z, x' '■ ^\{Vk) ~ > C m such that d(Vk,e' x x') = 
r(Mjfc, e x x) f° r some r £ N. To simplify notation we will denote the maps e' 
and x' on TTi(Vfe) by e and x as well. 

The (surjective) map ex x- ^i(Vk) ^ Z x C m defines a(Zx C m )-cover Fqo of 
V . Then h T 2{C 1f (V 00 )) and i^ x (t) have a canonical Z[Zx C m ] -module structure 
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and we can form H 2 {C*(V 00 ) <S>z[ZxC m ] ^x(*)) ~ : H*( V k , F x (t)) . Since F x (t) is 
flat over Z[Zx C m ] by Maschke's theorem (cf. |La93j ) we get 



H.(V k ,F x (t)) = ff*(C*(Kx>) ®z[zxc m ] F x (t)) = H^Voo) ® mxCm ] F x (t), 



which is a free F x (t) -module. If x is a character of prime power order, then the 
F x (t) -valued intersection pairing on H2(V k ,F x (i)) is non-singular (cf. CG86 ( 
p. 190]) and therefore defines an element t(V k ) G Lo(F x (t)), the Witt group 
of non-singular hermitian forms over F x (t) (cf. |La93j . |Ra98j ) . Denote the 
image of the ordinary intersection pairing on H2{V k ) under the map Lq(C) — > 



Casson and Gordon CG86 show that if Hi(L k ) — ► C m is a character with 
m a prime power, then 



is a well-defined invariant of (M k) e x x), i.e. independent of the choice of V k . 
Furthermore they prove the following theorem. 

Theorem 5.1 CG861 p. 192] Let k be a prime power. If K C S 3 is slice 
then there exists a metaholizer P k for the linking pairing, such that for any 
X- THi(M k ) — > C m , m a prime power, with x{Pk) = we get t(K,x) = 0. 

5.2 Interpretation of Casson-Gordon invariants as eta invari- 
ants of M k 

For a number field F C C we consider F with complex involution and F(t) 
with the involution given by complex involution and i = t . For z G S 1 
transcendental and r G Lo(F(t)) we can consider t(z) G Lq(C). Note that 
sign: Lq(C) — ► Z defines an isomorphism. 

Let IT be a knot, k any number, m a prime power and x : H\(L k ) —* C m a 
character and iV k , ex^: ni(V k ) ->Zx C m ) such that <9(T4, e x x) = r(M k , e x 



For a character x : H\(L k ) — ► C m define characters x J by setting x 3 ( v ) := 
x{vy , for z G S 11 define 



L (F x (t)) by to(Vfc). 



r(iT, x) := -(t(V k ) - io(Vfc)) G L (F x (i)) ® z Q 



x). 



% x i): 7ri(M fc ) 



H 1 (M k ) = Z®H 1 (L k ) 
(n,v) 
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Proposition 5.2 If z G S transcendental, then 

sign(T(K,x)(z)) =rj(M K ,(3( Z:X i- ) ). 

Proof Let z € S 1 transcendental, define 6: Z x C m — > S 1 by 9(n,y) := z n y. 
Then 

d(V k ,9o(e x X )) = r(M k ,9 o (e x x )) = r(M fe , /^i)). 

We view C as a Z[Z x C m ] -module via ffo(fx^) and C as an F x (t) module 
via evaluating t to z. Note that both modules are flat by Maschke's theorem, 
hence 

H$(y k ,c) = J ff 2 (c,(y 00 ))® z[ZxC7m] c 

= (fr 2 (c;(^oo)) ®z[zxc ro ] ^ x (*)) ®F x (t) c 

= H 2 (V k ,F x (t))® Fx{t) C. 

This also defines an isometry between the forms, i.e. signg(Vfc) = sign(Vfc(^)) . 
This shows that 

r?7(M fe ,/3(z,x 1 )) = sign /3 (V fc ) - sign(T4) = 

= sign(t(Vfc)(z)) - sign(t (Vfc)) = rsign(r(if, x)0))- 

□ 

Remark The eta invariant carries potentially more information than the func- 
tion z i — ► sign(r(-fC, X)(z)) , since for non-transcendental z G S 1 the number 
t z (K, x) is not defined, whereas r)(M}., P( x ,xi)) 1S s ^ m defined. For example the 
J7(l) -signatures for slice knots are zero outside the set of singularities, but the 
eta invariant at the singularities contains information about knots being doubly 
slice (cf. section l3~3*|) . 

Proposition 5.3 Let K be a knot, k any number, m a prime power and 
X- Hi(L k ) — > C m a character, then the following are equivalent. 

(1) T(K,x)=0£L (F x (t))® z Q. 

(2) sign(p(r{K, x))0)) = G Q for all transcendental z^S l ,p £ Gal(F x , Q) . 

(3) rj(Mk, P(z,x')) = € Z for all (J, m) = 1, all transcendental z € S . 

Proof The equivalence of (1) and (2) is a purely algebraic statement, which 
is shown in a separate paper (cf. Fr03 ) using results of Ranicki's Ra98;. The 
equivalence of (2) and (3) follows from proposition 15.21 and the observation 
that if p G Gal(F x ,Q) sends e 2ni / m to e 27Tij / m for some (j,m) = 1, then 
p(r(K,x)) = t(K,x^) and hence 

sign(p(T{K, X ))(z)) = sign(T(K,x 3 )(z)) = r](M k , /3 {z>xj) ). □ 
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5.3 Interpretation of Casson-Gordon invariants as eta invari- 
ants of Mk 

The goal is to prove a version of proposition 15.31 with eta invariants of Mk 
instead of eta invariants of M/% . 

Proposition 5.4 Let K be a knot, z G S 1 and x- Hi(Mk) — > H\(Lk) — > C m 
a character. Let j3 := /3( z ,x)' 7r i(-^fe) — * ^X 1 ) 311 d a = a (2,x) : 7r i(-^K') — * 
*7(fc), then 

it 

r ] (M K ,a)-r ] (M k ,(3) = ^<T e2 „ jA (K). 

i=i 

If .fT is algebraically slice and Hi(Lk) is finite, then t\{Mk,ol) = r](M)-,P). 

Proof In Fr03b] we show that if Mq — > M is a G-cover and qg : 7T%(Mq) — > 
is a representation then 

r/(M G , a G ) = n(M, a) - r/(M, a(G)), 

where a(G) : vri(M) -» G -> C/(C[G]) = £/(Cl G l) is given by left multiplication 
and a: ni(M) — > f/(A;) is the (induced) representation given by 

a: vri(M) -» Aut(C[7ri(M)] ®c[*i(M )] C) 
a i— > (p ® v i— ► ap <8> . 

In our case G = TLjk and one can easily see that a = otu^y Since W*/k is 

abelian it follows that a(G) = ®j =1 on where on : tt\(Mk) — > U(l) is given by 
osj(z) := e 2m H k . The proposition now follows from lemmas 12,21 and 13.31 □ 

We say that a knot K C 5 3 has zero Casson-Gordon obstruction if for any prime 
power k there exists a metabolizer Pj~ C TH\(Mk) for the linking pairing such 
that for any prime power m and x : TH\{Mk) — > C m with x(Pk) =0 we get 
t(K, X ) = 0£L (F x (t))®Q. 

The following is an immediate consequence of propositions 15.31 and 15.41 

Theorem 5.5 Let K be an algebraically slice knot. Then K has zero SE- 
obstruction if and only if K has zero Casson-Gordon obstruction. 
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6 The Cochran-Orr-Teichner-sliceness obstruction 

6.1 The Cochran-Orr-Teichner-sliceness filtration 

We give a short introduction to the sliceness filtration introduced by Cochran, 
Orr and Teichner |COT03|. For a manifold W denote by the cover 

corresponding to m(W)^ . Denote the equivariant intersection form 

H 2 {W {n) ) x H 2 (W (n) ) -> Z[7T 1 (W)/m(W) ( - n) ] 

by A n , and the self- intersection form by [x n . An (n) -Lagrangian is a submodule 
L C H 2 (W^) on which A n and fj, n vanish and which maps onto a Lagrangian 
of A : H 2 (W) x H 2 (W) -► Z. 

Definition jCOTOSl def. 8.5] A knot K is called (n) -solvable if M K bounds 
a spin 4-manifold W such that H\(Mk) — * H\(W) is an isomorphism and such 
that W admits two dual (n)-Lagrangians. This means that A n pairs the two 
Lagrangians non-singularly and that the projections freely generate H 2 (W). 

A knot K is called (n. 5) -solvable if Mk bounds a spin 4-manifold W such 
that H\{Mk) — * H\(W) is an isomorphism and such that W admits an (n)- 
Lagrangian and a dual (n + 1) -Lagrangian. 

W is called an (n) -solution respectively an (n. 5) -solution for K . 
Remark 

(1) The size of an (n) -Lagrangian depends only on the size of H 2 (W), in 
particular if K is slice, D a slice disk, then Np is an (n) -solution for K 
for all n, since H 2 (Nd) = 0. 

(2) By the naturality of covering spaces and homology with twisted coeffi- 
cients it follows that if K is (h) -solvable, then K is (A;) -solvable for all 
k < h. 

Theorem 6.1 

(1) The following are equivalent. 

(a) K is (O)-solvable. 

(b) Arf(K) = 0. 

(b) A K (t) = ±1 mod 8. 

(2) A knot K is (0.5)-solvable if and only if K is algebraically slice. 
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(3) If K is (1.5) -solvable then K is algebraically slice and K has vanishing 
Casson-Gordon invariants. 

(4) There exist algebraically slice knots which have zero Casson-Gordon in- 
variants but are not (1.5) -solvable. 

(5) There exist (2.0) -solvable knots which are not slice. 

Statements (1), (2), 3) and (5) are shown in |C()T03j . Taehee Kim |Kim02| 
showed that there exist (1.0) -solvable knots which have zero Casson-Gordon 
invariants, but are not (1.5) -solvable (cf. also proposition 17. 1 1|) . 

For any n G N Tim Cochran and Peter Teicher have examples (unpublished) of 
knots that are (n)-solvable but not (n.5)-solvable, in particular are not slice. 
It is unknown whether for n G Nq every (n. 5) -solvable knot is (n + 1) -solvable. 



6.2 L 2 — eta invariants as sliceness-obstructions 

In this section we very quickly summarize some L 2 -eta invariant theory. 

Let M 3 be a smooth manifold and tp: 7Ti(M) — > G a homomorphism, then 
Cheeger and Gromov |ChG85j defined an invariant rj^(M,tp) G R, the (re- 
duced) L 2 -eta invariant. When it is clear which homomorphism we mean, we 
will write r/ 2) (M, G) for r/ 2 ) (M, tp) . 

Remark If d(W,ip) = (M 3 ,<p), then (cf. |CUT031 lemma 5.9 and remark 

5.io], [EHUD 

r] {2) (M,tp) = sign (2) (VK, V) - sign(W), 
where sign( 2 )(W, if)) denotes Atiyah's |A76j L 2 -signature. 

Let QA := Q[t,i -1 ]. 

Theorem 6.2 |(X)T03j 

(1) If K is (0.5) -solvable, then t/ 2 ) (M k , Z) = 0. 

(2) If K is (1.5) -solvable, then there exists a metabolizer Pq C Hi(Mk, QA) 
for the Blanchheld pairing 

\bi,q: Hx(M k ,®A) x Hi(M K ,QA) Q(t)/Q[t, t' 1 } 

such that for all x G Pq we get t]( 2 \Mk, f3 x ) = 0, where (3 X denotes the 



map 



■ki{M k ) -> Z x Hi(M K ,A) -» Z x Hi(M K ,QK) 



idxX B1 q(x,-) 



X Ot OU 



-ll 
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We say that a knot K has zero abelian L 2 -eta invariant sliceness obstruction if 
rf 2 ' {Mr, Z) = and K has zero metabelian L 2 -eta invariant sliceness obstruc- 
tion if there exists a metabolizer Pq C i?i(Mx,QA) for A#z,q such that for all 
x G Pq we get i]( 2 \Mk, (3 X ) = 0. Note that if if has zero metabelian L 2 -eta 
invariant then it is easy to see that the integral Blanchfield form is metabolic 
as well and hence K is algebraically slice by proposition 12.11 

7 Examples 

In this section we will construct 

(1) a knot which has zero abelian L 2 -eta invariant, but is not algebraically 
slice, 

(2) a (1.0) -solvable knot which has zero metabelian L 2 -eta invariant, but 
non-zero SE-obstruction, 

(3) a knot which has zero ST .E -obstruction but non-zero metabelian L 2 -eta 
invariant (following Taehee Kim |Kim02| ). 

The idea in examples (2) and (3) as well as in the examples of section 18.51 
is to start out with a slice knot K and make 'slight' changes via a satellite 
construction. The change in the eta invariants can be computed explicitly. 

7.1 Satellite knots 

Let K,C G 5 3 be knots. Let A C S 3 \ K a simple closed curve, unknotted 
in S 3 , note that S 3 \ N(A) is a torus. Let ip: d(N(A)) -» d(N(C)) be a 
diffeomorphism which sends a meridian of A to a longitude of C and a longitude 
of A to a meridian of C . The space 

S 3 \ N(A) U v S 3 \ N(C) 

is a 3-sphere and the image of K is denoted by S = S{K, C, A) . We say S 
is the satellite knot with companion C, orbit K and axis A. Note that this 
construction is equivalent to replacing a tubular neighborhood of C by the 
torus knot K C S 3 \ N(A). 

Proposition 7.1 If C is slice, then for any K and A the satellite knot 
S(K,C,A) is concordant to K. If K C S 1 x D 2 C S 3 and C are ribbon, 
then any S(K, C, A) is in fact ribbon. 
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Proof Let K C S 1 xD 2 C S 3 and let C be a slice knot. Let (j) : S 1 x I -> S" 3 x I 
be a null-concordance for C, i.e. (/'(S' 1 x 0) = C and ^(/S 1 x 1) is the unknot. 
We can extend this to a map <p ■ S 1 x D 2 x / — > S 3 x J such that : 5" 1 x D 2 x 
is the zero- framing for C . 

Pick a diffeomorphism /: S 3 \ iV(j4) — > S" 1 x L> 2 such that the meridian and 
longitude of A get sent to the longitude and meridian of 5 1 x 0. Now consider 

if>: S 1 xI^K xl^ S 3 \ N{A) x I ^> S 1 x D 2 x I ^ S 3 x I. 

Note that 4> : S 1 xD 2 xl is a zero framing for the unknot, since linking numbers 
are concordance invariants and 4>: S 1 x D 2 x is the zero framing for C . This 
shows that tp : S 1 x 1 — > S 3 x 1 gives the satellite knot of the unknot with orbit 
K , i.e. K itself. Therefore ip gives a concordance between S = ^(S 1 x 0) and 
K = ^(S 1 x 1). 

Now assume that K, C are ribbon. Then we can find a concordance which 
has no minima under the projection S 1 x [0, 1] — > S 3 x [0, 1] — > [0, 1] . It is clear 
that ip also has no minima, capping off with a ribbon disk for K we get a disk 
bounding S with no minima, i.e. S is ribbon. □ 

Proposition 7.2 |(X)T04I p. 8] Let K be an (n.0) -solvable knot, C a (0)- 
solvable knot, A C S 3 \ K such that A is the unknot in S 3 and [A] G 7Ti(5' 3 \ 
Then S = S(K,C,A) is (n) -solvable. 

7.2 Eta invariants of satellite knots 

Let 5 be a satellite knot with companion C , orbit -fT and axis A. 

Proposition 7.3 |Lit84l p. 337] If A £ tti(S 3 \ K)^ then the inclusions 

S 3 \N(K) S 3 \N(K)\N(C) ^ (S 3 \ N(A)U^S 3 \ N(C))\N(K) = S 3 \N(S) 

induce isometries of the Blanchheld pairing and the linking pairing of S and K 
for any cover such that H\{Lx,k) is finite. 

This lemma shows in particular that we can identify the set of characters on 
Hi(Lk k) with the set of characters on Hi(Lg^) . The following corollary follows 
immediately from |Tr73j . 

Corollary 7.4 If S = S(K,C,A) as above, then S and C have S -equivalent 
Seifert matrices. 
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Let S = S(K,C,A) be a satellite knot with A G tti(S 3 \ K) {1 \ Let k be 
any number such that H\(Lxk) is finite. The curve icS 3 \ N(K) is null- 
homologous and therefore lifts to simple closed curves A\ , . . . , Af. G L^,k ■ 

Theorem 7.5 Let z G S 1 and x : H\{Lk,Js) = Hi(Ls,k) —> S 1 a character. 
Then 

k 

r,(M s , af Xi2) ) = n(M K , a^ z) ) + ^ n(M c , a*), 

i=\ 

where on denotes the representation ttx(Mc) — ► J7(l) given by g ^ x(A~i) e ^ ■ 

Proof Litherland Lit84 ; proved a general statement how to compute the 
Casson-Gordon invariant of S in terms of the Casson-Gordon invariant of K 
and the basic invariants of C . Translating the proof into the language of eta 
invariants shows that 

k 

v(M Sik ,pf XjZ) ) = V (M K , k ,pf XtZ) ) +J2v(M c ,ai). 

i=i 

For full details we refer to |Fr03d| . Casson-Gordon invariants only make sense 
when k and the order of % are prime powers, but the proof can be used to show 
the above statement about eta invariants. 

By corollary 17.41 the knots K and S have S -equivalent Seifert matrices, in 
particular the twisted signatures are the same (cf. proposition l3.3J) . The theorem 
now follows immediately from proposition 15.41 □ 

Iterating the satellite construction we can generalize the theorem as follows (cf. 
|Liv02l p. 405]). Let K e S 3 be & knot and At, . . . , A s G S 3 \K be simple closed 
curves which form the unlink in S 3 and such that A, = G tti(S 3 \ K)^ . Let 
C\, . . . , C s be knots. Then we can inductively form satellite knots by setting 
5o := K and Si the satellite formed with orbit Sj_i , companion Cj and axis 
Ai. Note that A { G vri(5 3 \ Si_i) (1) . We write 

Si =■ S (K, C\ , . . . ,C{, A\, . . . , Ai). 

Theorem 7.6 Let S := S(K, Ci, . . . , C s , A%,..., A s ) as above. Let k be any 
number such that H\{Lk^) is finite, z G S 1 and x- Hi(Ls,k) —> S 1 a character, 
denote the corresponding character Hi(Lk^) ~ * S 1 by x as well. Then 

s k 

r,(M s ,a s (XiZ) ) = r,(M K ,af XiZ) ) + £ ^ rj(M C] , ay). 

3=1 i=l 

Here ctij denotes the representation 7Ti(Mc j ) — > U(l) given by <7>— ►x(C^i)i) > 
where (Aj)i, . . . , (Aj)^ denote the lifts of Aj to Lg^. 
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7.3 Computation of L 2 — eta invariants 

The following proposition makes it possible to compute L 2 -eta invariants in 
many cases. 

Proposition 7.7 ( |C()Tn3| . jEHHE]) Let K be a ienot, then 

7? (2) (Af^,Z)= / 



We quote a theorem by Cochran, Orr and Teichner on the computation of 
L 2 -eta invariants for satellite knots. Recall that for x G H\(M t A) we defined 



& : ni(M K ) -.Zk H x (M k ,A) -> Z x i?i(M K , QA) 

z x om/oft./ 



idxA B! , Q (x,-) ^ ,r>/_iA /^m i-ll 



Theorem 7.8 f fC()T041 p. 8] |Kimn21 prop. 5.3]) Let 5 = S^C,^) with 
A e tt^S 3 \ K)^ . Let x £ Hi(M s ,A) = Hi(M K ,A), then 



r,^{M s ,P x ) ~- 
where A is considered as an element in H\(Mk, A) . 



V i2) (MK,P*) +V {2) (M C ,Z) if(3 x {A) + 
rf){M K ^ x ) if/3 x (A)=0 



In Fr03c we give a different approach to the computation of metabelian L 2 -eta 
invariants based on an approximation theorem by Luck and Schick LS01 . 



7.4 Examples 



Let 



/0 1 1\ 

1 

110 1 

\0 1 0/ 



this Seifert matrix is obviously metabolic. The Alexander polynomial is A j g 1 (t) 
= (t 2 — t + l) 2 . The signature function z t— > o z {B{) is zero outside of the set of 
zeros of the Alexander polynomial since the form is metabolic. The zeros are 
e 2m/6^ e 27r5i/6 an( j a ^ both points the signature is —1. Let 



Bo 



1 1 
1 
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Then A Ba (t) = t 2 - t + 1, and 




Finally let 



/ 1 1 0\ 
-110 10 1 
1 1 1 

10 10 1 

1 10 11 
\ 1110 1/ 



Then A Bs (t) = $ u (t) = 1 - t + t 2 - t 3 + t 4 - t 5 + i 6 , and 




Proposition 7.9 (Example 1) There exists a (0) -solvable knot K with zero 
abelian L 2 -eta invariant but which is not algebraically torsion. 

Proof Recall that for a knot Axf(K) = if and only if A K (-1) = ±1 
mod 8. By |Lev69j we can find a knot K with Seifert matrix 7B^ © —6B2, 
then Arf(iT) = 7Arf(i?3) — 6Arf(i?2) = 0, using the above calculations we get 
cr z {K) = 2 for z = e 2nik / 5 , k = 1, 2, 3, 4 and J sl o^iT) = 0. This shows that A" 
has all the required properties. □ 

Proposition 7.10 (Example 2) There exists a (1.0) -solvable knot K with 
zero metabelian L 2 -eta invariant, but non-zero SE-invariants. 

Proof Let p(t) = —It + 5 — 2i -1 . By Kearton |Kea73j there exists a knot 
K 5 ^ S 5 C S 7 such that its Blanchfield pairing is isomorphic to 



Let A be a Seifert matrix for A5, and K C «S 3 be a slice knot with Seifert 
matrix A. Since the Blanchfield pairing is determined by A, the Blanchfield 
pairing of K is isomorphic to the Blanchfield pairing of A5 . A computation 
using lemma l2~2*l shows that \Hi(Lk,a)\ = 225. 

Let A be a non-negative integer greater or equal than X := max{?](M^-, a)\a £ 
Riini^Mx))}. Note that i?4(7Ti(Mft-)) is compact since tti(Mjc) is finitely 



A/p(t) 2 x A/p(t) 2 
(a, 6) 



5 _1 A/A 
ap(t)~ 2 b 
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generated. Using of results of Levine |Lev94[ p. 92] one can show that X is 
finite (cf. |Fr()3c) for details). 

Let F be a Seifert surface for K . We can view F as a disk with 2g 1-handles 
attached. Then the meridians A\,... ,A 2g G \ F of the handles form the 
unlink in S" 3 and the corresponding homology classes give a basis for Hi(S 3 \F) . 
Note that Ai € tti(S 3 \ . Denote the knot of the proof of proposition 17.91 
by D and let C = (N + 1) • D, and form the iterated satellite knot 

S:=S(K, C,...,C,A 1 ,...,A 2g ). 

We claim that the satellite knot S satisfies the conditions stated in the propo- 
sition. S is (1.0) -solvable by theorem 17.21 and has zero metabelian L 2 -eta 
invariant by theorem 17.81 since K is slice, f gl o z (C) = by construction of C 
and since K , and therefore also S , has a unique metabolizer for the Blanchfield 
pairing. 

We have to show that for all P4 C H\(Ls,i) with P4 = P± with respect to 
the linking pairing As,4> we can find a non-zero character \'- Hi{L$^) — > S 1 
of prime power order, vanishing on P4, such that for one transcendental z we 
get ri(M s ,a {ZtX) ) ^ 0. 

Let P4 be a metabolizer and x'- Hi(Ls^) — ► S 1 a non-trivial character of order 
5, vanishing on P4. Denote the corresponding character on H\{Lk,a) by x as 
well. For any z € S 1 we get by corollary 17.51 

2g 4 

V{M S , af x>z) ) = r,(M K ,af x>z) ) + £ £ r,(M c , a,,), 

j=i i=i 

where «jj denotes the representation tti(Mc) — > given by 5 1— ► x((^4j)i) e ^ 
and (Aj-)j denotes the lift of Aj to Lx,k- By definition of iV and by 
proposition 13.31 we get 

Note that r](Mc, otij) > for all i, j since a e 2wij/5 (C) > for j = 0, ... ,4. The 
lifts (^4j)i are easily seen to generate Hi{Lk,a)-> hence 7^ 1 for at least 

one since x is non-trivial. But o~ w (C) = 2(iV + 1) for w = e 27 ™ J ' 5 ,j = 

1, 2, 3, 4. It follows that r)(M s , a? .) > -iV + 2(iV + 1) > for all z. □ 

For completeness sake we add the following example which was discovered by 
Taehee Kim |Kim02| . 
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Proposition 7.11 (Example 3) There exists a knot S which is algebraically 
slice, (1.0) -solvable, has zero STE-obstruction but non-zero metabelian I? -eta 
invariant. 

Proof Denote by $30 (t) = 1 + 1 — t 3 — t 4 — t 5 + 1 7 + 1 8 the minimal polynomial 
of e 27 ™/ 30 . As in the proof of proposition 17.101 there exists a ribbon knot K 
such that the Blanchfield pairing is isomorphic to 

A/<M0 2 x A/<Mi) 2 - S- l K/k 

(0,6) h-» a<S> 30 (t)- 2 b 

An explicit example of such a knot is given by Taehee Kim |Kim02l Section 2] . 
Note that K has a unique metabolizer P for the Blanchfield pairing. Further- 
more Hi(Lfci~) = for all prime powers k by theorem 14.91 Let C be a knot 
with Seifert matrix B\ and A € tti(S 3 \ K)^> unknotted in S 3 and such that 
(3 X (A) 7^ for some x G P. 

By corollary 17.41 the knot S is algebraically slice, since K is algebraically slice. 
S is (1.0) -solvable by proposition 17.21 since Arf(C) = 0. 

Since Hi(Ls,k)=Hi(LK,k) = for all prime powers k, we get F££ r,met (it^Mx)) 
= for all prime powers k, hence S has zero STE-obstruction. By theorem l7.8l 
S has non-zero metabelian L 2 -eta invariant since (3 X (S) = f3 x (K) + f sl a z {C) = 
I and P is the unique metabolizer. □ 

8 Ribbon knots, doubly slice knots and the obstruc- 
tions of Gilmer and Letsche 

8.1 Obstructions to a knot being ribbon 

An immersed ribbon disk is an immersion D — > S 3 which bounds K such that 
the singularities are only of the type as in figure ^ i- e - the self-intersection lies 
completely in the interior of one of the two sheets involved. The singularities 
can be resolved in D 4 to give an embedded slice disk. Slice disks which are 
isotopic to such disks are called ribbon disks. If a knot has a ribbon disk we say 
that the knot is ribbon. Note that this is a purely 3-dimensional definition. 

It is a longstanding conjecture of Fox (cf. jFox61 ( problem 25]) that all slice 
knots are ribbon. In theorem 18.31 we give a condition for a knot to be ribbon 
which is ostensibly stronger than the corresponding condition (theorem 14. 7jl for 
a knot to be slice. It is an intriguing question whether one can use these results 
to disprove Fox's conjecture. 
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Figure 1: Immersed ribbon disk. 



Proposition 8.1 ( Gor81 ( lemma 3.1] |Kea75bl lemma 2.1]) If K is ribbon 
and D C D 4 a ribbon disk, then the maps 

7ri(S 3 \K) -» tti(£) 4 \Z)) 
Hi (Ma-, A) -> H x {N D ,k) 

are surjective. 

Proposition 8.2 Assume that if is ribbon, D a ribbon disk, then Hi (Ad, A) 
is %-torsion free, in particular P := Ker{H\(MK , A) — > Hi (Ad, A)} is a me- 
tabolizer for Xbi- 

Proof According to |Lev77| thm. 2.1 and prop. 2.4] there exists a short exact 
sequence 

-> Exti(iii(iV, M, A)) -» H\(N, A) -> Exti(F 2 (iV, M, A)) -» 0. 

Here H\(N,A) denotes H\(N,A) with involuted A-module structure, i.e. t-v := 
t -1 ?;. Furthermore Ext \ (H 2 ( A, M, A) ) is Z-torsion free (cf. |Lev771 prop. 3.2]). 
In order to show that Hi (A, A) is Z-torsion free it is therefore enough to show 
that Hi (A, M, A) = . Consider the exact sequence 

Hl(M, A) Hi (A, A) Hi (A, M, A) -» H (M,A) -» H (A, A) -» 0. 

The last map is an isomorphism. By proposition 18. II the first map is surjective. 
It follows that Hi(A,M,A) = 0. 

The second part follows immediately from theorem 12.11 □ 

Theorem 8.3 Let K C S 3 be a ribbon knot. Then there exists a metabolizer 
P C Hi (Mr-, A) such that for any a <G Pj: rr \-K\{Mk)) vanishing on x P we 
get 7?(M fc ,a) =0. 

Proof Let P := Ker{Hi(M^, A) -> Hi (Ad, A)} where L> is a ribbon disk 
for A. Then P = P -1 - by proposition 18.21 Let a E P&(tti(M)) which vanishes 
on x P, then a extends to a metabelian representation of 7Ti(Ad), hence 
i/(Mjf,a( 2]X )) = by lemma fOl and theorem 14.41 □ 
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We say that K has zero eta invariant ribbonness obstruction if the conclusion 
holds for K . 

Remark One can show that if P is a metabolizer for and k is such that 
Fi(L fc ) is finite, then P k := vr fc (P) C THi(M k ) = i/i(M,A)/(t fc - 1) is a 
metabolizer for \i,k- in particular if K is and k any number such that H\(L k ) 
is finite then there exists a metabolizer P k for the linking pairing such that 
for all x'- TH\(M k ) — > S 1 of prime power order, vanishing on P k , and for all 
transcendental z € S 1 we get t](Mk, °^(z,x)) = 0- 

Comparing this result with theorem 14.71 we see that the ribbon obstruction is 
stronger in two respects. When K is ribbon 

(1) we can find metabolizers P k which all lift to the same metabolizer of the 
Blanchfield pairing, 

(2) the representations for non-prime power dimensions don't have to be ten- 
sor products. 

We will make use of this in proposition 18.91 

Remark (1) Note that the only fact we used was that for a ribbon disk 
Hi(M K ,A) -> Hi(N D ,A) is surjective. 

(2) Casson and Gordon CG86 ( p. 154] prove a ribbon-obstruction theorem 
which does not require the character to be of prime power order, but has 
a strong restriction on the fundamental group of tti(Nd). 

(3) In Fr03c| we show that if a knot K has zero eta invariant ribbonness 
obstruction, then K has in particular zero metabelian L 2 -eta invariant 
sliceness obstruction. In proposition 18.91 we will see that the converse is 
not true. 

8.2 Obstructions to a knot being doubly slice 

A knot K C S 3 is called doubly slice (or doubly null-concordant) if there exists 
an unknotted smooth two-sphere S C S 4 such that S n S 3 = K . It follows 
from the Schoenflies theorem that a doubly slice knot is in particular slice. 
Fox |Fox61j posed the question which slice knots are doubly slice. Doubly slice 
knots have been studied by Sumners |S71j . Levine |Lev89j . Ruberman [Ru83 
and Taehee Kim (Kim02j . 

We say that knot K is algebraically doubly slice if K has a Seifert matrix of 




where B,C are square matrices of the same size. Sumners 



Algebraic & Qeometric Topology, Volume 4 (2004) 



Eta invariants as sliceness obstructions 



925 



|S71j showed that if K C S 3 is doubly slice, then K is algebraically doubly 
slice. This result can be used to show that many slice knots are not doubly 
slice. 

We prove the following new doubly sliceness obstruction theorem. 

Theorem 8.4 Let K C S 3 be a doubly slice knot. Then there exist metabo- 
lizers P\, P 2 C H\ (Mk , A) for the Blanchheld pairing such that 

(1) H 1 {M K ,A) = P 1 ®P 2 , 

(2) for any a E Pjf r (Z x Hx(Mk,A)) vanishing on x P i; i=l,2, we get 
ri(M K ,a) =0. 

Proof Let S C S 4 be an unknotted two-sphere such that S n S 3 = K . Inter- 
secting S with {(xi, . . . ,25) G R 5 |a;5 > 0} and {(xi, . . . ,£5) G R- 5 |x5 < 0} we 
can write write S = D\ U K D\ and S A = D\ U53 D\. Let N { = Df \ Df , then 
Ni n N 2 = S 3 \ K and N\ U N 2 = S 4 \ S. From the Mayer- Vietoris sequence 
we get 

H x (M K ,A) = H 1 (N 1 ,A)®H 1 (N 2 ,A) 

since H X {M K ,A) = H^S 3 \ K,A) and H^S 4 \ S, A) = since S is trivial. 

Now let Pi := Ker{ifi(M, A) — > H\{Ni, A)}, the proof concludes as the proof 
of the main ribbon obstruction theorem 18.31 since H\(Mk,A) — > Hi(Ni,A) is 
surjective for i = 1,2. □ 

Remark (1) The proof of theorem 18.41 shows in particular that if K is dou- 
bly slice we can find a slice disk D such that Hi(Nd,A) is Z-torsion 
free. 

(2) Comparing theorem 18.41 with theorems 14.71 and 18.31 we see that doubly 
slice knots have zero (doubly) ribbon obstruction. 

Question 8.5 Using the notation of the proof we get from the van Kampen 
theorem that for a doubly slice knot 

Z = miDf \ Df) ^s^k) MDl \ D 2 2 ). 

Can we conclude that ~k\{S 3 \ K) — > ^i(Df \ Df) is surjective for at least one 
i ? If yes, then this would show that a doubly slice knot is in fact homotopically 
ribbon. One can go further and ask whether doubly slice knots are in fact 
ribbon or doubly ribbon. The first part of the question is of course a weaker 
version of the famous 'slice equals ribbon' conjecture. 
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Remark Taehee Kim |Kim03j . |Kim04j introduced the notion of (n, m) -solva- 
bility (n,m G ^N). He used L 2 -eta invariants to find highly non-trivial exam- 
ples of non doubly slice knots, in particular for each n € N he found examples 
of knots which are (n, n)-solvable but not (n + 1, n + l)-solvable. 

8.3 The Gilmer— obstruction 

In sections and 18.41 we quickly recall the obstructions of Gilmer ^Gi83 , 
Gi93] and Letsche jLetOOj . The papers claim to define sliceness obstructions. 
While investigating the precise connection to our obstructions we found that 
unfortunately the proofs in their paper contain gaps. We show that Gilmer's 
and Letsche's results give ribbon obstructions and we give a precise description 
of the problems that must be solved in order to show that they are really 
sliceness obstructions. 

Let K be a knot, F a Seifert surface. Pick a basis a±, . . . , a<i g for H\(F) , denote 
by A the corresponding Seifert matrix. Let T := (A t — A)~ 1 A t and k such that 
Hi(Lk) is finite. Define (p^: Hi(F) — > H\{F) to be the endomorphism given 
by r fe - (r - l) k and define B k C Hi(F, Q/Z) to be the kernel of (p k <g> Q/Z. 
For a prime number p define B k to be the p-primary part of B k . Let Y be S 3 
cut along F and denote by a%, . . . , ct2 g € H\(Y) the dual basis with respect to 
Alexander duality, i.e. lk(aj,oy) = Sij. 

Pick a lift of Y to Denote the lifts of ctj by on. These generate Hi(Lk), 
in fact 

#i(£*) = (©Zai)/lt 

We therefore get a well-defined isomorphism 

B k -> H 1 {L k ,Q/Z) = Rom(H 1 {L k ),q/Z) 
^rjaj i— > (atj i — > rj) where rj G Q/Z. 

Different lifts of Y to L k give different characters, but the associated Casson- 
Gordon invariants agree. Hence we get a well-defined Casson-Gordon invariant 
t(K, X ) £L (F x (t))®Q for X £ B k . 

We say that a knot K has zero Gilmer obstruction for a Seifert surface F and 
a prime p if there exists a metabolizer H for the Seifert pairing on H\(F) such 
that for all prime powers k, r(K,B k n (H <X> Q/Z)) = 0. More precisely, for a 
character x^B k C\{H® Q/Z) we get t(K, x) = G L (F x (t)) . 

Gilmer's theorem (cf. |Gi931 p. 5]) claims that a slice knot has zero Gilmer 
obstruction for all Seifert surfaces and all primes. Unfortunately the proof has 
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a gap. On page 6, the statement that H ® Q/Z is the kernel of ri* (Gilmer's 
notation in the paper) is not necessarily true since tensoring with Q/Z is not 
exact. This becomes a problem if H\(R) is not torsion free, where R denotes 
a 3-manifold which bounds the union of F with a slice disk D. One can show 
that the question whether Hi(R) is torsion free is closely related to the question 
whether Ker{iJi(.M#-, A) — » Hx(-^Yd,A)} is a metabolizer for the Blanchfield 
pairing. 

Furthermore the proof of the cancellation lemma 5 has a gap as well, namely on 
the second to last line. Note that the same problem appears in Gilmer's earlier 
paper |Gi83| . 

Going carefully through the proof of Gilmer's theorem, or the equivalent version 
in terms of eta invariants in Fr 03dj one can see the following. 

Theorem 8.6 Let K be a slice knot and F a Seifert surface. Then K has 
zero Gilmer obstruction for F and all but finitely many primes p. 

In Fr03d we show that if a knot satisfies the vanishing condition on eta invari- 
ants of theorem 18 . 31 then the Gilmer obstruction vanishes for all Seifert surfaces 
and all primes. In particular this shows the following theorem. 

Theorem 8.7 Let K be a ribbon knot or a doubly slice knot, then K has 
zero Gilmer obstruction for all F and all primes. 

8.4 The Letsche— obstruction 

For x € Hi(Mk,A) we define the map 

a x : 7ri (M K ) - 7t 1 (Mk)/7t 1 (M k )( 2 ) ^Zk Hi(M k , A) 

" xA *'<'--> ; z x S-'A/A. 

We say that a knot K has zero Letsche obstruction if there exists a metabolizer 
P C Hi(M K ,A) such that for any k, any x <E P and any 6 G K 5 _1 A/A) 

such that 9oa x € Ff r (ir 1 (M K )) we get r)(M K ,0oa x ) = 0. Letsche (cf. |LetOOI 
p. 313]) claims that every slice knot has zero Letsche obstruction. Unfortunately 
the statement of the last paragraph of the proof of lemma 2.21 is incorrect since 
maps XI1X2 to S 1 whose n th powers XijX? a g ree f° r some n > 1, don't have 
to be identical, i.e. xi Xi ■ m particular given an abelian group P and a map 
X- nP — > S 1 for some n > 1 there is no canonical way to extend x to P. 
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The situation in Letsche's paper is as follows. Let D be a slice disk for K , then 
by theorem [2~T1 P := Ker{Hi(M K ,A) -» FHi(Nrj, A)} is a metabolizer, but 
only characters which vanish on Q := Ker{i?i(M^, A) — > -ffi(iVD,A)} extend 
over the slice disk complement. Note that Q = nP for some n € N. If x £ P 
and n^l, then does not vanish on the metabolizer P but only on Q = nP . 
Letsche's attempt to get around this problem introduced the above mentioned 
problem. 

On the other hand if Q = P, i.e. if Ker{#i(Mx, A) -> Ht(N D ,A)} is a me- 
tabolizer for the Blanchfield pairing, then the Letsche obstruction vanishes. In 
particular we get the following weaker statement. 

Theorem 8.8 Let K C S 3 be a slice knot, D a slice disk. If Ker{Hi(M K ,A) 
— > -ffi(A^£>,A)} is a metabolizer for the Blanchfield pairing, then K has zero 
Letsche obstruction. In particular ribbon knots and doubly-slice knots have 
zero Letsche obstruction. 

Remark Note that there is no restriction on the dimensions of the repre- 
sentations. In Fr032j we show that all unitary irreducible representations of 
Z x S~ 1 A/A are in fact tensor products of unitary representations of prime 
power dimensions. 

We give a complete proof, which differs somewhat from Letsche's original proof. 

Proof Let x € P. Considering the long exact sequence we see that x = 
d(w) for some w € H%{Ndi Mr, A) . Letsche |Let00j showed that in fact 
H 2 (N D ,M K ,A) = Tor A H 2 (N D ,M K ,A) and that there exists a Blanchfield 
pairing 

\ bi , Nd : Tor A H 2 (N D ,M K ,A) x Tot\Hi(Nd,A) S^A/A 

such that \bi(x,u) = ^Bi,N D (w,i*(y)) for y € H\(Mk,A). We get a commu- 
tative diagram (cf. |Let001 cor. 2.9]) 

tii{M k ) -» Zk#i(M k ,A) irfxW*-), z>< 5-1 a/a ^ jj^ 

II II II 

7ri(AT D ) -» Z x Tor a-Hi (ATd , A) ^ U ZxS^A/A ^ U(k). 

This shows that 0oa x extends over iri(Nr))- The first part of the theorem now 
follows from theorem !4.41 The second part follows from theorem l2.11 proposition 
18.21 and the remark after theorem 18.41 □ 
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8.5 More Examples 

In |Fr03c| we show that if for a knot the metabelian eta invariant ribbon ob- 
struction vanishes, then all the abelian and metabelian sliceness obstructions 
vanish. The following example shows that furthermore the ribbon obstruction 
theorem is in fact stronger than these obstructions, considered as ribbonness 
obstructions. 

Proposition 8.9 (Example 4) There exists a knot S which is algebraically 
slice, (1.0) -solvable, which has zero STE-obstruction and zero metabelian L 2 - 
eta invariant but which does not satisfy the condition for theorem \8.3[ i.e. S is 
not ribbon. 

Proof Let K be the ribbon knot of proposition 17. Ill Recall that A#(t) = 
<I>3o(t) 2 and that K has a unique metabolizer P. In particular H\(Lk k) = f° r 
all prime powers k and a computation using lemma l2~2"l shows that \Hi(Lxfi)\ = 
625. 

Now let C be the knot of the proof of proposition l7.91 recall that J sl cr z (C) = 0. 
Let Pq := ne(P) C H\[Mk,q) be the projection of P. Let A be a simple closed 
curve in S 3 \K , unknotted in S 3 , such that A £ 7Ti(5 3 \ K)^' , which lifts to a 
simple closed curve A in the 6 -fold cover which presents a non-trivial element 
of order 5 in H^M^/Pe- 

We claim that the satellite knot S := S(K, C, A) satisfies the conditions stated 
in the proposition. The proof of proposition 17.111 shows that S = S(K,C,A) 
is algebraically slice, is (l.O)-solvable, has zero STE-obstruction and zero 
metabelian L 2 -eta invariant obstruction. 

As remarked above, the Blanchfield pairing of S has a unique metabolizer P. 
Let 

X- H X {M K ,A) - Hi(M K ,A)/(t 6 - 1) -» H^Lsfi) -» S l 

be a non-trivial character of order 5, vanishing on Pg C H\{L>sfi) such that 
X(A) 1 E S 1 . By corollary EH 

k 

V (M S , af x z) ) = n{M K , af x>z) ) + £ V (M C , on), 

i=l 

where on denotes the representation 7Ti(Mc) — ► U{1) given by g i— > x(^«) e ^ 9 ^- 
The first term is zero since if is ribbon and P is the unique metabolizer of 
the Blanchfield pairing (cf. theorem 18. 3 j) . The second term is non-zero since 
x(^4j) 7^ 1 for at least one i and by the properties of C . This shows that 
n(Ms,a? _.-,) ^ 0, i.e. 5 is not ribbon by theorem 18.31 □ 
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Remark (1) The knot S constructed in the proof has in fact the extra 
property that the Gilmer and the Letsche obstruction vanish. Indeed, in 
unpublished work we show that the Gilmer (respectively Letsche) obstruc- 
tion is equivalent to the vanishing of certain eta invariants corresponding 
to irreducible prime power dimensional representations (respectively ten- 
sor products thereof). By construction the knot S has no irreducible 
prime power dimensional representations. 

(2) It is in fact possible to construct an example of a knot with all the above 
properties such that no multiple of S is ribbon. 

Note that it is not known whether the example given in the above proposition 
is slice or not. 

Proposition 8.10 (Example 5) There exists a ribbon knot S with the follow- 
ing property. There exists a prime power k such that for all metabolizers P we 
can find a € p* rr > met \tti{M k )) with a(0 x P) = but such that r)(M K , a) ^ 0. 

Note that we do not restrict ourselves to representations ct( ZiX ) , with \ OI 
prime power order. The proposition shows that theorems 14.51 and 18. Ml can't be 
strengthened to include all non prime power characters. The example shows 
that the set pjf' r ' met "(tt 1 (Mk)) is in a sense maximal, i.e. that the prime power 
condition on the characters is indeed necessary. 

Proof Consider A(t) = f{t)f (t~ l ) where /(*) = 4 - 3t + 2t 2 + 4t 3 - 7t 4 + 
t 5 + 2t 6 — 3t 7 + i 8 . Terasaka i Te59 j shows that any polynomial of the form 
/(t)Z(t" 1 ) can be realized by a slice knot. But this shows that A(t) can be 
realized by a metabolic Seifert matrix, hence there exists a ribbon knot K with 
A K (t) = A(t). A computation shows that Hi(L K ^) = 1296 = 36 2 . Let N be 
an integer greater than max{ry(Mx, a)\a € R^{tti{Mk))} ■ As in the proof of 
proposition 17. lfll we see that such an N exists. 

Let A\, . . . , A s £ Hi(Lk,5) be all elements. One can find simple closed curves 
Ai,... ,A S C S 3 \K such that A { G iri(S 3 \ K)^ and such that for all i = 
l,...,s the homology class Ai is represented by one of the k lifts of Ai to 
Lj, . Possibly after crossing changes of the representatives one can assume that 
Ai, . . . , A s form in fact the unlink in S 3 . Let C be a ribbon knot with Seifert 
matrix ©. t 1 -Bi, and form the iterated satellite knot 

S:=S(K,C,...,C,A U ...,A S ). 

Note that S is ribbon by proposition 17.11 
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Let P be a metabolizer for the Blanchfield pairing and let 

P 5 := vr 5 (P) C Hi(M K ,A)/(t 5 - 1) = H X {L K>5 ). 

Let x : H\(L^) — > S 1 be a non-trivial character of order 6, vanishing on P5. 
Then for all transcendental 2 £ 5 1 we get 

r/(M s>5 , af x z) ) = r/(M Kl 5, a£ )2) ) + £* =1 ELi ^( M Q » 

Since x is °f order 6 and by construction of A\,...,A S , we can find (i,j) 
such that x({Aj)i) = e 2m ^ , but recall that a z {B\) = for all z except for 
z = e 27ri/6 ;e 27r5i/6 where Gz (b x ) = -1. This shows that ri(M s ,a s {xz) ) <N + 

(iv + i)(-i) = -l. x ' □ 

Remark The degree of the Alexander polynomial of K is quite large, but it 
was the polynomial of lowest degree we could find with being divisible 

by 6 for some prime power k. 
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